University of Groningen Multivariable Analysis H. Jardon-Kojakhmetov

Exam
26/01/2023, 8:30 am - 10:30 am

Instructions:

e Prepare your solutions in an ordered, clear and clean way. Avoid delivering solutions with scratches.

e Write your name and student number in all pages of your solutions.

e (learly indicate each exercise and the corresponding answer. Provide your solutions with as much detail as
possible.

e Use different pieces of paper for solutions of different exercises.

e Read first the whole exam, and make a strategy for which exercises you attempt first. Start with those you feel
comfortable with!

Exercise 1: (1 point) Prove that f(z,y) = (¢® + e, e” + e Y) is locally invertible at every point (z,y) € R% Moreover,
if f(a) = b, what is the derivative of f~' at b?

Solution: The Jacobian of f is

saw =% )

It follows that det.J = —(e® ¥ +¢®"¥), which is nonzero for all (z,%) € R?. Thus, f is continuously differentiable,
and its derivative is invertible for all (z,y) € R?. Tt follows from the inverse function theorem (slide 5, lecture 3)
that f is locally invertible at every point (x,y) € R%.

Let a = (a1, az2) so that f(ai,az) = (€™ + e, e™ 4+ e %) = (b1, b2) = b. From our previous argument we know
that there is a function f~' such that f~'(by,b2) = (a1,a2). From slide 8, lecture 3, it follows that

ORI o @)

—€

1
1+4et’

Exercise 2: (1.5 points) Consider the ODE z” + 32" + 2z =

a) Find the general solution of the given ODE.
b) Make a sketch of the vector field corresponding to the homogeneous equation x” + 3z’ + 2z = 0.

c¢) Is there a relationship between the vector field of part b) and the general solution of part a)?

Solution:

a) We start by rewriting the given ODE as:

X' = [—02 —13] [iﬂ b ?

where (X1, X5) = (z,2'). The homogeneous equation has solution X, (t) = cie”*u + cpe v, where u,v
denote the corresponding eigenvectors:

- . _ U9 - —27.L1 . 2
for u: Au= —2u — [—2u1 —3u2] = {—2112} — oy = { ]

- . _ (%] o —U1 _ 1
for v: Av=—v— {21)1 ° 302} = [UJ —Sv= [1]
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In other words, the solution to the homogeneous problem is given by

- 2 |1 2¢72 et ] [e
Xn(t) = cre™? {_1] +cge”t [_1] = {_6_% et c; . (4)
26—2t e—t
Hence, according to slide 9 of lecture 7, the fundamental matrix is M (t) = o2 ot It follows that
Q2 P2t
M)~ = [—et —Qet] . Next we follow slide 9 again to compute:
e u—1
¢ tl1+es t Tdu 1+e' —In(1+e")
/ M(s)"'b(s)ds z/ ds :/ s = (5)
0 0| —2¢° 0 ids —21In(1 + €)
1+es 1+e

where we have made the change of variable u = 1 + e®. Notice that we have also disregarded the constants
because we only look for a particular solution, and such constants can otherwise be absorbed by the ¢; and
co constants of the homogeneous solution. So now we can write the full solution as

X(t) = [Eee__z;t _ee__tt} ([Zj + ) . (6)

Finally, the solution z(t) corresponds to the first component of X (¢). After relabeling the constants we thus
obtain:

1+e' —In(1+e)

—21In(1 +€')

z(t) = cre™? +epe ™t + (e7H 4 e In(1 + €b). (7)

b) The vector field looks like:

SRR j
NN N NN ,
AN Yy
DA NN Yy
AN Yy
AAA AN Y Yy
A A A NNV Y Y Yy
IR N AR EREERREERE
S B B B B B B SRR 20 2 2 2 N 2 AN
AR A A MR R RNy oy
HTYRYNYINCSnng
AR AR AR R RN N R~y
SRR AR R R R R R R XK
AR AR AR R R R R R X K]
DR AR R R R R AR RNR R X R

NARRRURARRAANN
L L L L L L T V. . O

-1.0 -0.5 1.0

0.

(¢}

0.

o

-0.

(¢}

¢) In principle no. However, one can expect that there is not much difference between the solutions of the
homogeneous problem and the full problem since the particular solution vanishes exponentially fast.
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t2
ds
Exercise 3: (1 point) Consider f(t) = / ———— for t > 1. Compute the derivative of f.
¢t S+sins
Hint: it may be useful to write f as the composition of two functions, one of which is (z,y) — PR
» S+sins

Y

Solution: Using the hint, let g(z,y) = / and h(t) = (t,t?). Therefore f(t) = (go h)(t). We can now

+ S+sins
use the chain rule to compute the derivative. Notice that:

1
D - =
1g(I7y) .'L'+Sinl'
1
D -
29(,y) ST sy (8)

Dh(t) = [2175]

where the first two equalities follow from the fundamental theorem of calculus in one variable. So, following slide
12 of lecture 1 we have:

1 1 1 1 2t
"t)= |- =— : 9
AL t+sint t2+sint2] [Qt} t+sint+t2+sint2 ©)

Exercise 4: (1 point) What is the n-dimensional volume of the region

{z=(x1,...,2,) ER" |z; >0foralli=1,...,n and 1 + 229 + - - - + nz, < n}?

n
Solution: Dealing with the coefficients is a bit annoying, so let y; := —z;. Then the given region is alternatively
i

given by
Ry={y=(1,---,yn) €ER"|y; >0 foralli=1,...,nand y; +ya + -+ yn < 1}. (10)
Since what we are doing is applying a linear transformation, it follows from slide 9 of lecture 9 that the required
n
volume will be given by % . g LD vol, Ry = n—| vol, R,. So now we just compute the n-dimensional volume of
n n!
R,y.

e Let n = 1. Then vol; R, = 1.

1 pleay 1 2
e Let n=2. Then voly R, = / / dzodz; = / (1—21)da; = <x1 — ?)
o Jo 0

e Let n = 3. Then

1 1—z3 l—zo—x3 1 1—xz3
V013 Ry = / / / dxldxgdx;; = / / (]. — X9 — x3)dx2dx3
0 0 0 0 0
1

:/O (1953(12“””3)2;53(1933)) dus (11)

1 2 2 3\ |1
1 T3 1 T35 T3 1
= —_ — —— d — — —_ = ——
/0 (2 T3 + 9 > T3 <2{E3 9 + 6 >

1
It is thus safe to assume that vol, R, = —- Therefore, the volume of the given region is
n!

0

&
nn

W.

The proof by induction of the above argument is not necessary to get full points, we provide

it here for completeness:

Page 3 of 6




University of Groningen Multivariable Analysis H. Jardon-Kojakhmetov

For n > 1, let A,, denote the n-volume of R,. From the formulas above we see that we can write:

1 1—xq l—z1—x2 l—x1——Tp_1
A, :/ / / / dz, - - -dzodzy.
0 0 0 0
t t—xq t—x1—x2 t—x1— " —Tp_1
B, (t) :/ / / / dx,, - - - dxodr:.
0o Jo 0 0

Let us define

Then

2 3 n

From above it follows that Bi(t) = t, Ba(t) = %, Bs(t) = % A natural guess is that By (t) = o One can

n

show this by induction: assume that B (t) and notice that

257

t
Bn+1(t) = / By (t — l’l)dih.
0

It follows that:

(t—$1)n+l:|t B gl
0

Bnya(t) :/0 Bo (t = @1) day = — { (n+1)! G

Thus, indeed | A, = Bo(1) = — |

Exercise 5: (1 point) Let S be a closed curve in R? and C the unit circle in R?. Suppose that S and C are diffeomorphic.
What is the 2-dimensional volume of the curve S (vola )7 Justify your answer in full detail.

Hints and remarks: we are asking for the 2-volume, and not the 1-volume, of the 1-dimensional curve S, and not
of the region enclosed by it; for this exercise you may assume that “S and C are diffeomorphic” means that there is a
C"-function f, r > 1, with C" inverse, such that f : S — Cand f~1:C = S.

Solution: There are several ways to obtain the answer. The simplest is to recall that you already know that the
2-dimensional volume of the unit circle in R? is zero. Since S is diffeomorphic to C, then S is a 1-dimensional
manifold in R?, and then use slide 6 of lecture 10 to conclude that voly S = 0. Another is to invoke the change of
variables formula.

Exercise 6: (1.5 points) Let w be the n-form in R™ defined by w(es,...,e,) = 1, where {e1,...,e,} is the canonical
basis of R™. Let vy, ...,v, be vectors in R" given by v; = Z ajje;j, where the a;;’s are real scalars. Prove that
1<j<n
a) w(vi,...,v,) =det A, where A = [a;;]; j=1,...n is the n X n matrix with elements a;;.

b) w=dz A+ Ada,.

Solution:

a) It suffices to notice that w(vy,...,v,) = w(4ey,..., Ae,) = A*w(eq, ..., en), and to recall slide 13 of lecture
14 to prove the claim.

b) Notice that there is only one elementary n-form in R". We then have that day A -+ A day,(vy,...,0,) =
aip - Qin

det | : .. ... | =det A, and hence equal to w.

apl  *°° Gpn
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Exercise 7: (1 point) Let z; = x1 +y1, 22 = 22 +1y2 be coordinates in C2. Compute the integral of dz; Ady; +dy; Adxzo
over the part of the locus of the equation zo = 2§ where |2;| < 1, oriented by Q = sgndz; A dy;.

Solution: Let r € [0,1) and 6 € [0,27]. Then we define the parametrization
v : (1,0) — (rcosf,rsind, r* cos(kf), r* sin(kd)), (12)

which indeed corresponds to the locus of zo = 2. We have

cos —rsinf
Doy — sin 6 Doy — rcos @ 13
= bt cos(kf) |’ CR % sin(k6) (13)
kr* =1 sin(k6) kr* cos(k6)

Notice that the parametrization is orientation preserving since sgndzy A dy; (D17, D2y) = r > 0 and is only zero
at the “bad point in the boundary” r» = 0.

Next we have that

(dey A dys + dyr A das) (D1, Do) = det {cos@ —rsm@} —l—det[ sin 0 rcosf

sinf  rcosf Erf=lcos(kf) —krF sin(k6) (14)
=1 — kr®(sin(k@) sin 6 4 cos(kf) cos ).

Therefore, the integral we are looking for is
1 2m
I= / / (r — kr*(sin(k6) sin 6 + cos(k@) cos 8))dAdr
o Jo

1 27 2 1
= / / rdfdr — / / Er* (sin(k6) sin  + cos(k6) cos 0)drdé (15)
o Jo o Jo
ferk+1
TS

2m
/ (sin(k6) sin 6 + cos(kB) cos 0)d6.
0

Arriving to the previous expression is enough to get full points.

Solving the remaining integral gives +0.5 points, here we leave the solution:

e If k=0, then I = 7.

2
OIfk:LthenI:ﬂ(l—Z)

e If k > 1, then, again, I = . The result follows immediately from the fact that, in this case, sin(k6) sin
and cos(kf) cos 8 are 2m-periodic with zero average.

x T
Exercise 8: (1 point) Find the flux of the vector field F [ y | =r% | y |, where ais a number and r = /22 + 32 + 22,
z z

through the surface S, where S is the sphere of radius R oriented by the outward-pointing normal.

Hint: the result is a function of ¢ and R.

Solution: It is most convenient to parametrize the sphere of radius R using spherical coordinates, that is by
v : (0,0) — (Rcosfcos ¢, Rsinfcosd, Rsing) with § € [0,27] and ¢ € [-7/2,7/2]. To check if this is an
orientation preserving parametrization we notice that

—Rsin 6 cos ¢ —Rcos fsin ¢
Dyy= | RcosOcoso |, Doy = | —Rsinfsing¢ | , (16)
0 Rcos¢
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and therefore we have

Rcosfcos¢p —Rsinfcos¢p —Rcosfsing
det | Rsinfcos¢ Rcosfcos¢ —Rsinfsing
Rsin ¢ 0 Rcos¢ (17)

= Rsin ¢(R?sin? fsin ¢ cos ¢ + R? cos? f cos ¢ sin ¢) + R cos ¢(R? cos? O cos® ¢ + R?sin?  cos? )
= R3sin ¢(sin ¢ cos ¢) + R> cos p(cos® ¢) = R3 cos ¢ > 0.

Hence, indeed, the proposed parametrization is orientation preserving. Next, following slide 10 of lecture 13 we
have:

o2 /2 R*"lcosfcos¢p —Rsinfcos¢ —Rcosfsine
/ Qs = / / det | R®™'sinfcos¢ Rcosfcos¢ —Rsinfsing | dpdd
s 0 J-m/2 Rt sin ¢ 0 Rcosf (18)

27 pm/2
= / / R3 cos pdpdh = 4w RH3.
0 —m/2
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